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Applying the seminal work of Bose in 1924 on what was later known as Bose-Einstein statistics,
Einstein predicted in 1925 that at sufficiently low temperatures, a macroscopic fraction of
constituents of a gas of bosons will drop down to the lowest available energy state, forming a ‘giant
molecule’ or a Bose-Einstein condensate (BEC), described by a ‘macroscopic wavefunction’. In this
article we show that when the BEC of ultralight bosons extends over cosmological length scales,
it can potentially explain the origins of both dark matter and dark energy. We speculate on the
nature of these bosons.
Invited review written for the special issue of Physics News on the occasion of
125th birthday anniversary of S. N. Bose.
I. INTRODUCTION
Two of the enduring mysteries in cosmology are dark
matter (DM) and dark energy (DE). Whereas DM holds
the rotating galaxies together, DE makes the expanding
universe accelerate. In accounting for the distribution
of mass/energy in the universe, visible hadronic matter
and radiation contribute only about five percent, DM
about twenty five percent, while the rest, a whopping
seventy percent, comes from DE 1. To start with, the
constituents of DE are not known, despite viable candi-
dates such as the cosmological constant and a dynamical
scalar field [5, 6]. The constituents of DM are not known
either. There has been many studies invoking weakly in-
teracting massive particles (WIMPs) that may form cold
DM. Not only does it have shortcomings in reproducing
the DM density profiles within a galaxy, no such par-
ticle has been experimentally found. Other DM candi-
dates include solitons, massive compact (halo) objects,
primordial black holes, gravitons etc. They have similar
shortcomings [7, 8].
Given that DM is all-pervading, cold and dark, and
clumped near galaxies, we pose the following question:
can it be a giant BEC, of cosmological length scales?
Following the paper by Bose which laid the foundations
of Bose-Einstein statistics [9], Einstein predicted that a
gas of bosons will form a BEC at sufficiently low tem-
peratures [10]. Here we show that following an earlier
∗Electronic address: saurya.das@uleth.ca
†Electronic address: bhaduri@physics.mcmaster.ca
1 For alternative theories to DM and DE which also try to explain
cosmological observations, see [1–4].
proposal by the current authors [11],
(i) a sea of weakly interacting light bosons can form a
BEC, preserving large scale homogeneity and isotropy,
and be a viable DM candidate, as long as the mass of
each constituent does not exceed a few eV/c2 2, and
(ii) the quantum potential associated with the above
BEC can also explain DE.
Note that in a BEC, the bosons are in the lowest energy
state that is nearly at zero energy, even if outside the con-
densate the bosons are highly relativistic due to its low
mass. We should point out that BEC model for DM has
been studied by many authors in the past. For exam-
ple, one can consider a scalar field dark matter (SFDM)
that invokes spin zero ultralight bosons whose Compton
wave length spans cosmic distances [12–14]. For previous
studies of superfluids and BEC in cosmology see [15–35].
But as mentioned earlier, the novel aspect of our model is
that it also provides us with a viable source of DE. In this
semi-technical article, we present the bulk of our work in
an elementary fashion using Newtonian dynamics, after
staging the backdrop of the cosmological model. A more
rigorous derivation of essentially the same results using
general relativity will be presented in the Appendix.
II. COSMOLOGY
To put the problem in perspective, we quickly review
an elementary description of cosmology. On scales of
2 1 kg = 5.6× 1035 eV/c2, where c = 3× 108 m/s is the speed of
light in vacuum.
ar
X
iv
:1
80
8.
10
50
5v
3 
 [g
r-q
c] 
 23
 O
ct 
20
18
2about 300 Mpc or higher 3, the distribution of matter
in the visible universe is found to be homogeneous and
isotropic to a very high degree, about 1 part in 105. One
can assume this matter to be a perfect fluid, described by
the equation of state p = wρc2, where p and ρ are its pres-
sure and density respectively. The constant w character-
izes the fluid, e.g. w = 0 for baryonic matter (i.e. galax-
ies etc) and dark matter (both being non-relativistic for
which 〈v2〉/c2 ≈ 0), w = 1/3 for relativistic matter (such
as cosmic microwave photons and neutrinos) and w = −1
for a substance which exerts negative pressure and as we
shall see later, makes the universe accelerate (e.g. dark
energy, cosmological constant and a scalar field). More-
over, by observing the red shift in deep space, Hubble
found that distant stars and galaxies were receding from
each other, with the speed of recession proportional to
their distance. This meant that (along the line of sight)
r˙ = Hr, where H is independent of r, but can be a func-
tion of time t. We can therefore write r = r0 a(t) where
r0 has the dimension of length, and a(t) is the so-called
scale factor, which characterizes all distance scales in the
universe including distance between galaxies at any given
point of time. Therefore the Hubble “constant” H ≡ a˙/a
has the dimension of inverse time. Clearly, H > 0 for
an expanding universe, and vice-versa. The most general
spacetime metric consistent with the observed large-scale
homogeneity and isotropy is of the following form, also
known as the Friedmann-Robertson-Walker metric, and
written in spherical polar coordinates:
ds2 = c2dt2 − a2(t)
(
dr2
1− κr2 + r
2(dθ2 + sin2 θdφ2)
)
,(1)
where κ = 0, 1,−1 for spatially flat, positive curva-
ture (a three-sphere) and negative curvature (a three-
dimensional saddle) respectively [36]. Further, it has also
been determined from the Supernova and other observa-
tions that the spatial part of the universe at any given
epoch in time is flat, i.e. κ = 0 in Eq.(1) [37, 38]. This
implies that the universe is and has always been of infi-
nite extent and without a boundary. κ = −1 also means
an infinite universe, while κ = 1 signifies a closed and
finite-sized universe with no boundaries. As we shall
show in the next section, κ = 0 implies that the total
effective density ρ = ρcrit, where ρcrit ≡ 3H2/8piG is
known as the critical density. In the present epoch, sub-
stituing H = H0 the current Hubble parameter, one gets
ρcrit ≈ 10−26 kg/m3.
In the adjoining Fig.1, we show how the time-slices can
be made at various times to show the expanding space
as time advances. If light of wavelength λe is emitted
at time t and observed at a later time by a comoving
observer (i.e. an observer in whose frame the universe
appears homogeneous and isotropic), it is found to have
a larger wave length λ0, since the wave length stretches
3 1 Mpc = 3.3× 106 light years.
time
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FIG. 1: Expanding scale factor and wavelengths with time in
a spatialy flat universe
.
out with the scale factor a(t). We can then write the
ratio
λ0/λe = a0/ae ≡ 1 + z , (2)
where z > 0 for red shift. One can make an estimate of
the age of the universe by assuming that it has been ex-
panding (approximately) linearly with time at its present
rate from the beginning. Under this approximation, and
ignoring quantum effects in the very early universe, one
can define the beginning or the moment of the big bang
when the scale factor was zero, and the density of the uni-
verse was infinite. One can then define a Hubble length
L0 = c/H0, where the subscript zero signifies the present
values. The size of the visible universe is identified as
L0. Using the present value of the Hubble constant of
about 70 km/s/Mpc, we get the age of the universe to be
13.8× 109 years, and its size L0 to be 1.3× 1026 meters.
A. Newtonian Cosmology
We now describe the dynamics of the expanding uni-
verse in terms of a simplified Newtonian model, which as
we shall see captures the essential ingredients. Consider
a sphere of mass M and radius r with uniform density ρ
anywhere in a homogeneous and isotropic universe, and
a point mass m on its surface. Using Newton’s second
law, we get
mr¨ = −G M m/r2. (3)
Using the relation that M = 4pi3 ρr
3 and r = r0 a(t), we
get
a¨
a
= −4piGρ
3
. (4)
In the cosmic fluid model, it is the stress energy tensor
that is important (or more accurately its trace, or sum
of its diagonal elements), rather than the mass density
3ρ. In the comoving frame, only the diagonal elements
Tµµ/c
2 = (ρ, p/c2, p/c2, p/c2) are nonzero, where p refers
to pressure. We then obtain
a¨
a
= −4piG
3
(
ρ+
3p
c2
)
(5)
The above equation shows that there is deceleration due
to gravity alone. This is to be expected since gravity is
an attractive force. Measurements of red shifts from very
distant type 1a supernovae explosions show however that
a¨ > 0, i.e. the universe is not just expanding, but also
accelerating [37, 38]. This could happen if we introduce
a repulsive potential that overcomes the attractive grav-
itational force at very large distances. This could arise
from Einstein’s equation with a cosmological constant Λ
[39]. The starting equation of motion is then given by
r¨ = −GM
r2
+
Λc2 r
3
. (6)
The corresponding potential is (this also follows from the
identification of the potential V (r)m = −|g00 − 1|c2/2,
where one reads off g00 from the metric of de Sitter
space):
V (r)
m
= −GM
r
− Λc
2r2
6
. (7)
Then including the cosmological term, Eq.(5) gets mod-
ified to
a¨
a
= −4piG
3
(
ρ+
3p
c2
)
+
1
3
Λc2 . (8)
As one can see from the above, a sufficiently large and
positive Λ would result in a¨ > 0, i.e. an accelerating
universe, just as observed.
Further, using the first law of thermodynamics for isen-
tropic expansion, namely dU + pdv = TdS = 0 (where
U is the internal energy, v ∝ a3 the volume, T the tem-
perature and S the entropy) and the equation of state
U = ρv, one gets ρ˙ + 3(p + ρ)a˙/a = 0. Using Eq.(8) to
eliminate p, one obtains
H2 =
(
a˙
a
)2
=
8piGρ
3
+
Λc2
3
− κc
2
a2
, (9)
where the integration constant κ is +1, 0,−1 for spatial
curvature to be positive, flat, or negative. The above
equation can be conveniently written as
Ω(t)− 1 = κ
(aH)2
, (10)
where Ω(t) ≡ ρ(t)/ρcrit, ρ(t) being the total effective den-
sity of matter, radiation and the cosmological constant
at any epoch, and as mentioned earlier ρc ≡ 3H2/8piG.
Thus, ρ = ρb + ρDM + ρΛ, where ρΛ = Λc
2/(8piG). Here
ρb is for visible baryonic matter or radiation, ρDM is for
DM, and ρΛ is for DE [36]. In the simplest situation (with
no intervening medium), knowing the absolute luminos-
ity of the source, and measuring its apparent luminosity
should allow one to figure out how far it is from the ob-
server. There is an added complication however, because
the intervening medium has different components of den-
sities ρM , ρb, ρΛ evolving with different z-dependences, as
light reaches the observer from the source. One has to
integrate the square rooted Eq.(9) to find out the contri-
butions of the densities to get the “luminosity distance”,
or the effective distance from the source taking into ac-
count all intervening matter. When this distance is plot-
ted against the red shift z for ‘standard candles’ such as
Supernovae 1a (whose intrinsic luminosities are known
to a high degree of accuracy), the best fit is found for
ρΛ/ρcrit = 0.70, ρDM/ρcrit = 0.25, ρb/ρcrit = 0.05. Fur-
ther, since high z measurements show κ = 0, and Λ > 0,
one has ρ = ρcrit exactly and for all epochs! This is an-
other mystery in itself, which theories such as inflation
attempt to resolve [40]. We will not address this here.
One can now write Eq.(9) as
H2 =
8piGρcrit
3
(11)
From the above, one gets the cosmological constant
Λ = 8piGρΛ/c
2 = 10−52 (meter)−2. Before we link this
tiny constant to quantum corrections to the classical GR
equations, we elaborate on our model of BEC in cosmol-
ogy.
III. BEC IN COSMOLOGY
We conjecture that there are ultra light bosons that
span our universe, their Compton wavelength is compa-
rable to the size of the visible universe, and that a BEC
of these bosons constitute DM. We will discuss about
the nature of these bosons later. First consider the case
where the bosons are their own antiparticles, e.g. for
bosons with no charge.
To check if these bosons can indeed form a BEC, we
first compute their critical temperature Tc and compare
it with the ambient temperature of the universe, that
of the all pervading cosmic microwave background radia-
tion (CMBR) at any epoch T (a) = (2.7/a) K (we assume
a = 1 in the current epoch). A bath of bosons forms a
BEC if its temperature falls below the critical temper-
ature 4. Therefore if T (a) < Tc at some epoch, then
a BEC of these bosons would form at that epoch, and
if the inequality holds for future epochs, then the BEC
will continue to exist. The boson must have a mass,
however small. In a BEC, the average inter-particle dis-
tance (N/v)−1/3 (where N = total number of bosons
4 The BEC critical temperature should not be confused with the
critical density in cosmology, although both are used in this ar-
ticle.
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FIG. 2: NB and NR vs. T .
.
in volume v) is comparable or smaller than the ther-
mal de Broglie wavelength hc/(kBT ), such that quan-
tum effects start to dominate. Identifying this tempera-
ture of a bosonic gas to the critical temperature Tc, we
get kBTc ' hc(N/v)1/3. A more careful calculation for
ultra-relativistic weakly interacting bosons with a tiny
mass gives [41–43]
Tc =
~c
kB
(
Npi2
vηζ(3)
)1/3
. (12)
In the above N = NB + NR, NB being the number of
bosons in the BEC, and NR outside it, both consisting
of bosons of small mass as discussed earlier, η is the po-
larization factor (which is 1 for scalars and 5 for massive
gravitons) and ζ(3) ≈ 1.2. Also L = L0a is the Hubble
radius and v = L3 = L30a
3 ≡ v0a3. (subscript 0 here and
in subsequent expressions denote current epoch, when
as we mentioned earlier a = 1). Note that for boson
temperature T < Tc, a BEC will necessarily form [44].
As stated before, identifying the BEC of bosons all in
their ground states with zero momenta and only rest en-
ergies with DM in any epoch (i.e. N ' NB), one gets
NB/v = ρDM/m = 0.25ρcrit/ma
3 Then from Eq.(12)
and the relation T (a) < Tc one obtains
Tc =
4.9
m1/3 a
K , (13)
(m in eV/c2 in the above). Note that both Tc in Eq.(13)
and the CMBR temperature T (a) scale as 1/a, the in-
verse of the scale factor. Therefore T (a) < Tc gives
m < 6 eV/c2 (or about m < 10−35 kg), independent
of a. In other words, for a gas of bosons which weigh a
few electron volts or less, its critical temperature will al-
ways exceed the temperature of the universe, it will form
a BEC at very early epochs and is a viable DM candi-
date. Having little or no momentum in the BEC, they
will behave as cold dark matter (CDM). Furthermore,
m = 10−32 eV/c2, the boson mass required for its quan-
tum potential to account for the observed cosmological
constant is well within the above bound! Fig.2 shows the
proportion of bosons in the BEC (NB) and that outside
the BEC (NR) at any temperature 0 ≤ T ≤ Tc. As the
universe temperature drops (towards the left of the dia-
gram), more and more bosons drop to the BEC and in
the far future, almost all are in the BEC state.
We would like to point out that our results are robust
and do not change much, even if we consider the case
when the bosons and their antiparticles (antibosons) are
identifiable (this can happen even for neutral bosons if
they have a hidden quantum number). In this case, com-
puting the critical temperature [42, 45] and comparing
with T (a), one obtains m < 2.4 × 10−2 eV/c2 for BEC
to form in the present epoch and a larger upper bound
at earlier epochs. The corresponding number for non-
relativistic bosons obtained from its critical temperature
[46] is m < 3.8 × 10−3 eV/c2. In either case, the mass
required for DE is included in the above bounds. We
note however that the a-dependences of Tc are different
in these cases, for which a BEC made up of these con-
stituents would fragment in the far future.
IV. DE AND QUANTUM POTENTIAL
We noted in Eq.(7) that the repulsive term arose from
the cosmological constant Λ. We shall now show that
in our model this term, responsible for DE comes from
the simplest quantum correction in the trajectory of the
bosons in the BEC. A key point is that every boson in
the BEC has the same wave function. Furthermore, once
inside the BEC, the bosons, however light, are slow and
non-relativistic. This makes it possible to use the sin-
gle particle wave function Ψ that obeys the one-body
Schro¨dinger equation (our arriving at the same results
using the relativistic wave equation in the Appendix con-
firms this)
− ~
2
2m
∇2Ψ + VΨ = i~∂Ψ
∂t
. (14)
Let us write Ψ as
Ψ(~r, t) = R exp(iS/~) , (15)
where R(~r, t) and S(~r, t) are real functions. We then
obtain
− ∂S
∂t
=
(∇S)2
2m
+ V (r)− ~
2
2m
∇2R
R , (16)
and the continuity equation
∂ρ
∂t
+∇.(ρ∇S
m
) = 0 , (17)
with ρ = R2. If the last term in Eq.(16)
VQ = − ~
2
2m
∇2R
R (18)
is omitted, we are left with the classical Hamilton-Jacobi
equation, giving rise to the standard Newtonian trajec-
tories for the constituent particles. Note that v(~r, t) ≡
(~/m)~∇S can be identified with the ‘velocity field’, tan-
gent to the streamline at any point within the BEC. In-
clusion of the ‘quantum potential’ term (18) on the other
5hand gives rise to ‘quantal trajectories’ or Bohmian tra-
jectories for the constituents (named after its discoverer
David Bohm). These are O(~2) corrections to the New-
tonian trajectories which become important at short dis-
tances (when quantum effects are expected to dominate)
and indeed reproduce the results of all quantum experi-
ments, such as the interference patterns in a double slit
experiment. This interpretation of quantum mechanics,
albeit not the most popular one, is perfectly equivalent to
the standard ones, and offers a novel and useful picture
in many situations, such as the current one [47, 48].
Next, it was shown by one of the current authors that
inclusion of the quantum potential VQ resulted in the
‘Quantum Raychaudhuri equation’
dθ
dt
= −1
3
θ2 +
~2
2m2
∇2
(
1
R ∇
2R
)
, (19)
where the expansion θ measured the fractional change
of cross sectional area of a pencil of trajectories, as one
moves along them. In the absence of quantum correc-
tions, this equation with its negative definite term in the
right hand side predicts θ → −∞ for some finite time
t = t0. In other words, particle trajectories in the pres-
ence of gravity converge in a finite time. While this is
expected since gravity is universally attractive, the re-
sult has profound consequences for the nature of space-
time and the theory of relativity itself, as we shall briefly
touch upon in the Appendix. Since the expansion or con-
traction of the universe can also be described in terms of
divergence or convergence of particle trajectories (those
of the perfect fluid), the Friedmann equations of cosmol-
ogy can also be derived from the Raychaudhuri equation
via the identification θ = 3a˙/a [49]. From the quantum
Raychaudhuri equation above on the other hand, one ob-
tains the quantum corrected Friedmann equation [50, 51]
a¨
a
= −4piG
3
(ρ+
3p
c2
) +
~2
6m2
∇2
(∇2R
R
)
. (20)
Comparing with Eq.(8), we write
ΛQ =
~2
2m2c2
∇2
(∇2R
R
)
= − 1
mc2
∇2VQ . (21)
Note that we have included a subscript Q to Λ above to
emphasize that it comes from quantum corrected boson
trajectories, rather than from the vacuum. To estimate
ΛQ, we go back to Eq.(7) and assume a slowly varying
matter density ρcrit. Then Eq.(4) can be written as:
a¨+ ω2a = 0 , (22)
i.e. an harmonic oscillator with angular frequency ω2 =
H20/2 = 1/(2L
2
0). Taking the harmonic potential V in
Eq.(14), we obtain the ground state wavefunction
Ψ(r, t) = R(a) e−r
2/σ2e−iE0t/~ . (23)
That is, R = R(a) e−r2/σ2 , S = −E0t in the above.
Also σ2 = 2~/mω = 2
√
2λL0, λ = ~/mc is the Compton
wavelength of the constituent bosons and E0 = ~ω/2 is
the ground state energy. There is an intrinsic time de-
pendence in the scale factor a, which we assume to be
slowly varying. Furthermore, the normalization is cho-
sen as R(a) = R0/[a(t)]
3/2, such that ρcrit ∝ R20, the
DM density ρ ∝ |R|2 ∝ 1/a3 and BEC particle number
is conserved in time. Note that the length scale σ remains
constant in time, and the spread of the BEC wavefunc-
tion is entirely accounted for by R(a). A little algebra
then gives
VQ =
3
2
~ω − 1
2
mω2r2 (24)
=
3~2
mσ2
− 2~
2r2
mσ4
. (25)
Either comparing this with Eq.(7) or from direct compu-
tation using Eq.(21), we get
ΛQ = 12
(
~
mc
)2
1
σ4
=
12λ2
σ4
=
3
2L20
(26)
That is, the small observable cosmological constant is
induced via quantum corrections. Note that the normal-
ization R(a) or the phase e−iE0t/~ in Eq.(23) plays no
role in above. The above mechanism explains why it is
positive (the quantum potential is positive), small (it is
proportional to ~2 or 1/L20, both tiny quantities) and of-
fers a resolution of the so-called ‘coincidence problem, on
the approximate equality of DM and DE - this is sim-
ply because the quantum potential (DE) induced in a
harmonic oscillator is equal and opposite to the classical
harmonic potential (DM), as can be seen from Eq.(24).
As for the mass m, we consider the following two cases.
First, if the constituent bosons are gravitons, then as ex-
plained below, m = 10−68 kg or 10−32eV/c2. Comparing
with the results of the previous section, we see that this
is well within the range of values of m required for the
bosons to form a BEC and hence a DM candidate. Next,
we consider the mass preferred by fuzzy cold DM or ul-
tralight scalar particles m ≈ 10−22eV/c2, e.g. [52–54].
BEC mass of this order is also supported by some re-
cent work in which DM density profiles of a BEC derived
from the Gross-Pitaevskii was matched with that from a
number of galaxies [55]. In this case, in addition to be-
ing in the required range for the BEC to form, this mass
facilitates the formation of observed DM halos at galaxy
scales. The extent of the BEC in this case is σ ≈ 10−5L0.
Bose condensation is crucial in this picture, as it is only
then that every boson has the same wave function, and
the problem reduces to a one body equation, leading to
the quantum potential.
What could be these bosons in the condensate? First,
we consider massive gravitons. Although gravitons de-
rived from general relativity are massless, there has been
considerable progress recently, both in the theoretical
and experimental fronts, in having a consistent picture
6of massive gravitons in extensions of general relativity.
They all in fact predict a graviton mass which is consis-
tent with the allowed values in our work; see for example
[56–69]. It was also shown recently that observations and
theory impose stringent bounds on graviton mass to the
above value of 10−32 eV/C2 [70]. The second possibil-
ity is axions. Although axions were originally proposed
to solve the strong CP problem in quantum chromody-
namics, they also arise in the context of string theory,
and have long been advocated as DM candidates [71–
74]. BEC of axionic DM have also been explored in
[22]. Axion mass depends on the form of the action con-
sidered and couplings therein, but masses in the range
O(10−32 − 10−22) eV/c2 are not ruled out [53, 54]. Ex-
periments to detect axionic DM are also in progress [75].
It must be kept in mind however that until detected, ax-
ions remain as hypothetical particles, requiring extension
of the otherwise well-tested standard model of particle
physics, with their masses and couplings put in by hand.
Finally, as shown in [76, 77], a Higgs type field in the
spontaneous symmetry breaking in general relativity is
another potential candidate for the constituent bosons.
To summarize, we have shown in this article that a
BEC of ultralight bosons can account for the DM con-
tent of our universe, while its associated quantum po-
tential can account for DE. Our results are based on a
few assumptions, namely the existence of a BEC of light
bosons spreading over cosmological distance scales and
described by a slowly varying macroscopic wavefunction.
The form of the wavefunction (a Gaussian with a spe-
cific time-dependent amplitude, and repetitions thereof)
ensures the correct time-dependence of DM density and
that it is consistent with the observed large scale homo-
geneity and isotropy of the universe. While the main
ideas here were described in an earlier paper by the au-
thors [11], there the issue of homogeneity and isotropy of
the BEC was not examined. Furthermore, in this arti-
cle we have explained the precise time-dependence of the
BEC wavefunction as well as its width (σ) at any given
point in time, and included the possibility of another
boson as the BEC constituents, namely a gravitational-
Higgs. Our model is robust and expected to survive even
when potential quantum corrections to spacetime itself
in the very early universe are taken into account. The
small deviations of the wavefunction from a constant,
over cosmological length scales may have observational
consequences. We hope that this and other testable pre-
dictions of our model will emerge in the near future.
Appendix A
Since the Friedmann equation, which the guiding equa-
tion of cosmology, can be derived from the Raychaudhuri
equation, we start with the recently derived quantum
corrected Raychaudhuri equation, obtained by replacing
geodesics with quantal (Bohmian) trajectories [47], as-
sociated with a wavefunction ψ = ReiS of the fluid or
condensate filling our universe (R(xα), S(xa) = real).
Using this, one can define the four velocity field ua =
(~/m)∂aS, and expansion θ = Tr(ua;b) = habua;b, hab =
gab − uaub, where a = 0, 1, 2, 3, with 0 signifying the
time coordinate and the others the space coordinates [50]
(Note that we use the metric signature (−,+,+,+) here,
as opposed to (+,−,−,−) in [50], resulting in opposite
sign of the ~2 terms. Here we concentrate on the more
important of the two correction terms.). With this, one
arrived at the relativistic Quantum Raychaudhuri equa-
tion
dθ
dλ
= −1
3
θ2 −Rcducud + ~
2
m2
hab
(
2R
R
)
;a;b
,(A1)
where Rab is the Ricci tensor and 2 ≡ ∂a∂a is the four
dimensional d’Alembertian operator. The Raychaudhuri
equation, which is Eq.(A1) without the O(~2) terms, was
derived by A. K. Raychaudhuri in 1955 [78]. A similar
equation was derived around the same time by L. D. Lan-
dau and E. M. Lifshitz [79]. It is the key ingredient in the
Hawking-Penrose singularity theorems [80]. These theo-
rems show that most classical spacetimes are singular and
general relativity itself breaks down as a physical theory
in -certain regions of spacetime. In this case too, if one
ignores the last (quantum) term, θ → −∞ and a pen-
cil of nearby geodesics, known as a congruence, converge
to a point at a finite proper time τ0. The second order
Friedmann equation satisfied by the scale factor a(t) can
be derived from the above, by replacing [49] θ = 3a˙/a ,
and Rcdu
cud → 4piG3 (ρ+ 3p),
a¨
a
= −4piG
3
(ρ+ 3p) +
~2
3m2
hab
(
2R
R
)
;a;b
. (A2)
In this case, the quantum potential terms are the O(~2)
terms in Eqs.(A1) and (A2). As expected, they vanish in
the ~ → 0 limit, giving back the classical Raychaudhuri
and the Friedmann equations. Note that since Bohmian
trajectories do not cross [48, 81], it follows that even
when θ (or a˙) → −∞, the quantal trajectories (as op-
posed to classical geodesics) do not converge, and there
is no counterpart of geodesic incompleteness, or the clas-
sical singularity theorems, and singularities such as big
bang or big crunch can in fact avoided [82] (the the scale
factor a would still be very small at the classical big bang
time). Next, we interpret the correction term as the cos-
mological constant
ΛQ =
~2
m2c2
hab
(
2R
R
)
;a;b
, (A3)
Although ΛQ depends on the form of the amplitude
of the wavefunction R, for any reasonable form, such
as a Gaussian wave packet in the previous section,
ψ =
(
R0/[a(t)]
3/2
)
exp(−r2/σ2) of extent σ, or for one
which results when an interaction is included in the
scalar field equation [2 + g|ψ|2 − k]ψ = 0, namely ψ =
ψ0 tanh(r/σ
√
2) (g > 0) and ψ =
√
2 ψ0 sech(r/σ) (g <
70) [83], it can be easily shown that (2R/R);a;b ≈ 1/σ4.
This again gives using λ = ~/mc,
ΛQ = 12
(
~
mc
)2
1
σ4
= 12
λ2
σ4
, (A4)
which has the correct sign as the observed cosmological
constant. As in the previous section, the wavefunction re-
peats itself in space, preserving large scale homogeneity
and isotropy. Also as remarked earlier for the Newtonian
derivation, this sign is expected from the repulsive na-
ture of quantum potential. Furthermore, the conclusions
following Eq.(26) continue to hold, and for σ =
√
8L0λ,
ΛQ =
3
2L20
= 10−52 m−2 (A5)
= 10−123 (in Planck units) , (A6)
since the Planck length `Pl = 1.6× 10−35 m.
In summary, results identical to the ones obtained in
the previous sections are reproduced in this Appendix,
although from a more rigorous and completely relativistic
point of view. This in turn justified the use of Newtonian
cosmology to arrive at our main results.
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